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1 Introduction
Quantum fields have a profound influence on the dynamical behavior of the early universe
[1]. Among them, the quantum-field effects on the cosmological phase transition have been
investigated by many authors [2-14]. From analyses based on the renormalized effective
potential it was concluded that the scalar-gravitational coupling ξ and the magnitude of the
scalar curvature R crucially determine the fate of symmetry.
The effect of anisotropy on the static spacetimes like Mixmaster or Taub universe on the
process of symmetry breaking and restoration has been discussed [4, 5]. We have recently
investigated the symmetry breaking in a Bianchi type I spacetime (which is assumed to be
slowly varying), the inhomogeneous spacetime (which is assumed to be slowly varying) and
a rotational spacetime (with the Godel metric) respectively [12-14], and this paper becomes
the fourth of the series.
The purpose of this paper is to present our further investigations about the quantum-
field effect on the cosmological phase transition in anisotropic spacetimes. We will evaluate
the one-loop renormalized effective potentials for the massive φ4 theory on the spatially
homogeneous models of Bianchi type I and Kantowski-Sachs type. To enable the analytic
results to be found we assume that the spacetime metric is either slowly varying or has a
specified form. Using the results we discuss the properties of the quantum-field corrections to
the symmetry breaking or symmetry restoration in these two model spacetimes respectively.
There are two reasons that lead us to re-investigate the problem of the quantum field effect
on the cosmological phase in anisotropic spacetimes. First, it is not clear [9] that the systems
evolving in a spacetime with large shear Q do not invalidate the slowly varying background
field assumption in the treatment of symmetry behavior in dynamical spacetimes. We thus
hope to have an anisotropic spacetime in which the one-loop renormalized effective potential
can be evaluated exactly without using the adiabatic approximation, and thus the quantum
field effect on the fate of symmetry could be known in the affirmative. This motivates us
to study the model on a specified metric form. (Note that it is mathematically difficult to
find the exact mode function to evaluate the effective potential, even in a generally isotropic
spacetime.) Second, we want to know how general the properties found in the Bianchi
type I are in other anisotropic spacetimes. This motivates us to study the model on the
Kantowski-Sachs spacetime.
This paper is organized as follows. In section 2, the method and basic formulae are
introduced. In section 3 we evaluated the one-loop renormalized effective potential for the
φ4 theory in the Bianchi type I spacetime. The cases of a model spacetime which either
is slowly varying or has a specified metric are evaluated respectively. Using the results
we discuss the properties of the quantum field corrections to the symmetry breaking or
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symmetry restoration. The evaluation and analyses on the Kantowski-Sachs spacetime are
given in section 4. Section 5 is devoted to discussion.
2 Formalism
2.1 Lagrangian and effective potential
The Lagrangian density describing a massive (m), self-interacting (λ) scalar field (φ) coupled
arbitrarily (ξ) to the gravitational background is
L =
√−g
(
1
2
[
gµν∂µφ∂νφ− (m2 + ξR)φ2
]
− λ
4!
φ4
)
. (2.1)
The equation of motion associated with it is
gµν∇µ∇νφ+ (m2 + ξR)φ+ λ
3!
φ3 = 0. (2.2)
Let us write
φ = φc + φq, < φc >= 0, (2.3)
where φc is a classical field and φq is a quantum field with a vanishing vacuum expecta-
tion value; then, taking the expectation value of (2.2) and introducing the renormalized
parameters m2r , ξr and λr, by
m2 = m2r + δm
2, ξ = ξr + δξ, λr = λ+ δλ, (2.4)
we have the field equation for the classical field φc
gµν∇µ∇νφc + [(m2 + δm2) + (ξ + δξ)R]φc + λ+ δλ
2
< φ2q > φc +
λ+ δλ
3!
φ3c = 0. (2.5)
and, to one-loop quantum effect, the field equation for the quantum field φq [3]
gµν∇µ∇νφq + [m2r + ξrR]φq +
λr
2
φ2cφq = 0. (2.6)
The effective potential Veff is given by
∂Veff
∂φc
= [(m2 + δm2) + (ξ + δξ)R]φc +
λ+ δλ
2
< φ2q > φc +
λ+ δλ
3!
φ3c (2.7)
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where the value of < φ2q > is formally divergent and we can use the following renormalization
conditions to make it finite [1-3]
m2r =
∂2Veff
∂φ2c
|φc=R=0, ξr =
∂3Veff
∂R∂φ2c
|φc=R=0, λr =
∂4Veff
∂4φ2c
|φc=R=0, (2.8)
The above conditions will give the counter terms, δm2, δξ and δλ defined in equation (2.4).
2.2 Quantization
To evaluate < φ2q > we adopt the canonical quantization relations
[φq(t, x), φq(t, y)] = [piq(t, x), piq(t, y)] = 0, [φq(t, x), piq(t, y)] = iδ
2(x− y), (2.9)
where the conjugate momentum piq(t, x) is defined by
piq = ∂ L/∂(∂tφ). (2.10)
Due to the space homogeneity we can expand the quantum field φq by the summation or
integration over modes in the form
φq(t, x) = C
−1/2(t)
∫
dµ(k)[ak χk(t)Yk(x) + a
†
k χ
∗
k(t)Y
∗
k (x)], (2.11)
where Yk(x) is a normalized eigenfunction of the spatial-part field equation, while χk(t)
is that of the time part. We symbolically denote the eigenvalues of the special-part wave
equation by k which may be continuous or discrete. We also symbolized the summation
or integration thereby involved by a measure µ(k). Note that the factor C−1/2 is usually
introduced to simplify the time part of the field equation. The field equation described the
mode function χk(t) can be found by substituting equation (2.11) into field equation (2.6).
The creation and annihilation operations ak and a
†
k will satisfy the usual relations.
[ak, al] = [a
†
k, a
†
l ] = 0, [a
†
k, a
†
l ] = δ
3(k − l) (2.12)
provided that the mode function χk satisfies the Wronskian condition
χkχ˙
∗
k − χ∗kχ˙k = i. (2.13)
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From the above method we then obtain
< φ2q(t, x) >= C
−1(t)
∫
dµ(k)χk(t)χ
∗
k(t)Yk(x)Y
∗
k (x). (2.14)
Note that, as the spacetime we consider is homogeneous the value of < φ2q(t, x) > will
eventually be spatial-independent although the above equation appears to be x dependent.
To proceed we must have an explicit function form of the mode solutions χk(t) and Yk(x),
which can only be found after specifying the background spacetime.
3 φ4 on Bianchi type I spacetime
We first consider the 1 + 3 dimensional Bianchi type I spacetime which has the line element
ds2 = C(η)dη2 − a21(η)dx2 − a22(η)dy2 − a23(η)dz2, C = (a1a2a3)2/3. (3.1)
In this model spacetime the mode function and measure defined in equation (2.11) become
Yk(x) = (2pi)
−1/2exp(ikx), (3.2)∫
dµ(k) =
∫
d3k, (3.3)
and equation (2.14) becomes
< φ2q(η) >=
1
8piC(η)
∫
d3kχk(η)χ
∗
k(η). (3.4)
In the above equation the time-part mode function χk satisfies the wave equation
χ¨k +
[
C(η)
[
m2r + (ξr −
1
6
)R +
λr
2
φ2c +
∑
i
k2i
a2i
]
+Q(η)
]
χk = 0, (3.5)
where the spacetime curvature function R and anisotropic function Q are
R = 6C−1(H˙ +H2 +Q), H =
∑
i
hi, hi = a˙i/ai, (3.6)
Q =
1
32
∑
i<j
(hi − hj)2. (3.7)
To obtain the explicit form of χk we consider the following two cases.
5
3.1 WKB Approximation
When the metric is slowly varying equation (3.5) possesses the WKB approximation solution
χk = (2Wk)
−1/2exp
(
−i
∫
dη Wk
)
, (3.8)
where Wk can be approximated by [15-17]
Wk =
(
C(η)
[
m2r + (ξr −
1
6
)R +
λr
2
φ2c +
∑
i
k2i
a2i
]
+Q
)1/2
(3.8)
Substituting the above solutions into equation (3.4) we have
< φ2q >=
1
16pi3C
∫
d3k
(
C(η)
[
m2r + (ξr −
1
6
)R +
λr
2
φ2c +
∑
i
k2i
a2i
]
+Q
)−1/2
=
1
16pi3
∫
d3k
[
m2r + (ξr −
1
6
)R +
λr
2
φ2c +
∑
i
k2i +
Q
C
]−1/2
=
1
4pi2
∫ Λ
0
dkk2
[
m2r + (ξr −
1
6
)R +
λr
2
φ2c + k
2 +
Q
C
]−1/2
=
1
8pi2
[Λ2 +
1
2
(
m2r + (ξr −
1
6
)R +
λr
2
φ2c +
Q
C
)
×
(
1 + ln[(m2r + (ξr −
1
6
)R +
λr
2
φ2c +
Q
C
)/4Λ2]
)
], (3.10)
where we have introduced a momentum cut-off Λ to regularize the k integration. From the
renormalization conditions of equation (2.8) we can evaluate the renormalization countert-
erms
δm2 = − λr
16pi2
[
Λ2 +
1
2
(
m2r +
Q
C
)(
1 + ln[(m2r +
Q
C
)/4Λ2]
)]
(3.11)
δξ = − λr
16pi2
(ξr − 1
6
)
(
1 +
1
2
ln[(m2r +
Q
C
)/4Λ2]
)
, (3.12)
δλ = − λ
2
r
16pi2
(
3 +
3
2
ln[(m2r +
Q
C
)/4Λ2]
)
, (3.13)
Substituting these results into equation (2.7) we finally obtain the derivative of the one-loop
renormalized effective potential
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∂Veff
∂φc
= m2rφc +
[
ξr − λr
32pi2
(ξr − 1
6
)
]
Rφc +
(
λr
3!
− λ
2
r
64pi2
)
φ3c
+
λrφc
32pi2
[(
m2r + (ξr −
1
6
)R +
λr
2
φ2c +
Q
C
)]
ln
[
m2r + (ξr − 16)R + λr2 φ2c + QC
m2r +Q/C
]
(3.14)
Note that once we let the anisotropy in the above equation be zero our result is consistent
with that in the symmetric homogeneous case [10].
We are now 1n a position to discuss the quantum field effects on the cosmological phase
transition. Taking the derivation of the above equation, then in the limit φc → 0 we obtain
the effective mass
m2eff = (m
2
r + ξrR) +
λrφc
32pi2
[−(ξr − 1
6
)R +
(
m2r + (ξr −
1
6
)R +
λr
2
φ2c +
Q
C
)
×ln
[
m2r + (ξr − 16)R + λr2 φ2c + QC
m2r +Q/C
]
] (3.15)
Using this formula we can draw three conclusions.
(1) In general, only for some suitable values of scalar-gravitational coupling ξr mass mr,
curvature R and anisotropy Q could the symmetry be radiatively broken or restored.
(2) As the second term, which is the quantum field correction term, is zero if ξr = 1/6
and/or R =0, the results thus show that the fate of symmetry will not be changed in the
cases of conformal coupling and/or vanishing scale curvature. This result has been reported
by us in [ 12] in which the massless case was studied.
(3) In the case of large anisotropy (under the conditions ofQ >> H˙+H2 andQ >> Cm2r),
then equation (3.15) becomes
m2eff → 6ξr
Q
C
+
λrφc
32pi2
6Q
C
[
ξrln|6ξr| −
(
ξr − 1
6
)]
(3.16)
Although the second term, which is the quantum.field correction term, becomes negative if
ξr << 0, this does not mean that the symmetry will be in the broken phase for a φ
4 theory
in a spacetime with large anisotropy even the quantum-field effect has been introduced. The
reason is that in the case of large anisotropy W 2k → 6ξrQ , thus the condition of a real
function of Wk, will constrain ξr to be a non-negative value. Note. that the measure of
adiabatic W˙k/W
2
k , which approaches
1
2
(6ξr)
−1/2Q˙Q−1/2 in the case of large anisotropy, must
be a small value in order to validate the WKB approximation we adopted.
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Thus the problem of whether the symmetry will be restored through the quantum field
effect for the φ4 theory in a spacetime with large anisotropy cannot be concluded from the
method of WKB approximation. It falls short of the author’s expectation. In fact, the
primary motivation of this paper is to present an example which will, through calculating
the effective potential, explicitly show that the larger spacetime anisotropy will restore the
cosmological symmetry.
Note that the temperature can be considered as a sort of spacetime anisotropy, and
cosmological symmetry will be restored in the high temperature. Note also that, although
in [6] it had been shown that the radiative correction terms arising from the anisotropy of
Bianchi type I spacetime are positive and proportional to the magnitude of anisotropy Q, we
cannot thus claim that the cosmological symmetry will be restored for high Q value, because
the calculation in [6] has used the small-Q-value assumption.
We thus study the following case.
3.2 A Kasner spacetime
We consider the Bianchi type I spacetime with a Kasner metric
ds2 = dt2 − t2dx2 − dy2 − dz2 = 2
3
η dη2 − (2
3
η)3dx2 − dy2 − dz2 (3.17)
where η is the conformal time. Fulling et at [17] have obtained the mode solution in the
above spacetime
χk = Nη
1/2Zik1
[
(
2
3
η)3/2(k2 +m2 +
1
2
λrφ
2
c)
1/2
]
, k2 = k22 + k
2
3, (3.18)
where Zik1 is the Bessel function and the normalization constant N is determined to be ipi
1/2/2
by the Wronskian condition (2.13). Fulling et at [17] have presented detailed analyses to show
that the solution given in terms of the Hankel function , H
(2)
ik1
, will be positive frequency with
respect to the adiabatic definition [16]. We will in this paper adopt their results to evaluate
the integration in equation (3.4).
It should be noted here that the metric in equation (3.17) can be reduced to the Minkowski
metric by a suitable transformation [ 17]; however, as soon as we enter into the realm
of quantized field theory, these two systems of references will not be equivalent to each
other. The reason is that for a quantum field in a curved spacetime it will have a time-
dependence vacuum and thus the vacuum states based on the Minkowski metric and the
original cosmological spacetime are not equivalent to each other, and the non-equivalent
vacuum state will in general imply’ different quantum field effects. In other words: although
our model spacetime is in fact merely a coordinatization of Minkowski spacetime, it can
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lead to non-trivial quantum effects. Thus there exist papers which investigate some other
quantum-field effects in the above spacetime [ 18, 19]. Our result also presents a new quantum
effect.
Note also that, in general, for a time-dependent background field the effective potential
is not well defined and one needs to work with the effective action instead. The effective
potential can be, at most, taken as the zeroth-derivative-order approximation to the effective
action as a functional of the background field [8, 9]. We will leave the study of effective action
to the further publication. Nevertheless, this does not say that the present calculation about
the effective potential is meaningless. In fact, a chosen mode function in equation (3.18)
will approach the WKB solution in the asymptotic region, and in this region the effective
potential becomes a good approximation to the zeroth-derivative order the effective action
in which we are interested. In other words, our calculation on the effective potential can be
used to investigate the quantum field effects on the cosmological phase transition, at least,
in a suitable (asymptotical) region. The same argument can be applied to the mode studied
in section 4.
We now begin to perform the calculation, Using the integration representation of the
HankeI function [20] we have the following relation
∫
dk1H
(2)
ik1
(x)∗H
(2)
ik1
(x)
=
4
pi
∫ ∞
−∞
dk1
∫ ∞
1
dt1
∫ ∞
1
dt2|Γ(1
2
− ik1)|−2(t21 − 1)−1/2−ik1(t22 − 1)−1/2+ik1exp−ix(t1−t2)
= 8
∫ ∞
1
dt1
∫ ∞
1
dt2
exp−ix(t1−t2)
[(t21 − 1)(t22 − 1)]1/2
∫ ∞
0
dk1sech(pik1)cos
(
k1ln(t
2
1 − 1)−1(t22 − 1)
)
= 8
∫ ∞
1
dt1
∫ ∞
1
dt2
exp−ix(t1−t2)
(t21 − 1) + (t22 − 1)
= 8
∫ ∞
2
dy2
∫ ∞
−∞
dy1
exp−ixy1)
y21 + y
2
2 − 4
hspace2cm
= 8pi
∫ ∞
2
dy2 (y
2
2 − 4)−1/2exp[−x(y22 − 4)−1/2] = 8pi
∫ ∞
0
dw (w2 + 4)−1/2exp(−xw)
= 4pi2[H0(2x)−N0(2x)] = 4pi
∑
n=0
Γ(n+ 1/2)
Γ(−n + 1/2)x
−2n−1, (3.19)
where H0 is the Struve function and N0 is the Neumann function [20]. Substituting the
above result into equation (3.4) we have
< φ2q >=
3
8pi2
∫ Λ
0
dkk
∑
n=0
Γ(n+ 1/2)
Γ(−n + 1/2)
[
(
2
3
η)3/2(k2 +m2 +
1
2
λrφ
2
c)
]−n−1/2
=
3
16pi2
[
(
2
3
η)3/2[Λ− (m2 + 1
2
λrφ
2
c)
1/2] + F (η)
]
, (3.20)
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where
F (η) =
η
8pi2
∑
n=1
Γ(n + 1/2)
Γ(−n+ 1/2)(
2
3
η)−3n−3/2(m2 +
1
2
λrφ
2
c)
−n+1/2. (3.21)
We have introduced a momentum cut-off Λ to regularize the integration. Note that the
series F (η) is expanded in the parameter [η3(m2 + 1
2
λrφ
2
c)]
−1 and thus the massless case is
excluded.
Substituting the above value into equation (2.7) and keeping only the leading term as
η →∞ we then have a simple result
∂Veff
∂φc
= (m2r + δm)φc +
λr
3!
φ3c +
λrφc
32pi2
η−3/2
[
Λ− (m2 + λr
2
φ2c)
1/2
]
. (3.22)
Notice that the curvature R is zero in the above Kasner spacetime and only the counterterm
δm2 is needed in our model. The renormalization conditions equation (2.8) give
δm2 = − λr
32pi2
η−3/2(Λ−mr), (3.23)
and we finally obtain the derivative of the one-loop renormalized effective potential
∂Veff
∂φc
= m2rφc +
λr
3!
φ3c −
λrφc
32pi2
η−3/2
[
(m2r +
λr
2
φ2c)
1/2 −mr
]
. (3.24)
We can see from the above equation that the second term, which is always negative, may
be dominant for some large (but not very large) value of φc. In this case, the effective mass
becomes negative and thus the universe is in the symmetry-broken phase. (In fact, in the
Taylor expansion of the effective potential will appear a φ3c term, which indicates that there is
a first-order phase transition [22].) However, as the time evolves the anisotropy of spacetime
grows and the second term will approach zero by the factor η−3/2, then the effective mass
becomes positive (note that the above analyses require m2r > 0) and the universe will be
restored to the symmetry phase. This means that even though the symmetry may be broken
through the quantum field effect the large anisotropy coming from the cosmological evolution
will restore it to the symmetry phase.
4 φ4 on Kantowski-Sachs spacetime
We next consider the Kantowski-Sachs spacetime which has the line element
ds2 = dt2 −X2(t)dx2 − Y 2(t)
[
dθ2 + sin2θdϕ2
]
. (4.1)
10
In this model spacetime the mode function and measure defined in equation (2.11) become
Yk(x) = (2pi)
−1/2exp(ikx)Ylm(θ, ϕ), (4.2)∫
dµ(k) =
∫
dk
∑
lm
, l = 0, 1, ... m = −l, ...., l, (4.3)
where Ylm(θ, ϕ) is the spherical harmonics function. Using the addition theorem of the
spherical harmonics function equation (2.14) becomes
< φ2q(η) >=
1
8pi2C(η)
∫
dk
∑
l
(2l + 1)χk,l(t)χ
∗
k,l(t), C(t) = (XY
2)1/2. (4.4)
In the above equation the time-part mode function χk,l(t) satisfies the wave equation
χ¨k,l +
[
m2r + ξrR +
λr
2
φ2c +
k2
X2
+
l(l + 1)
Y 2
− 1
4
(2W˙ +W 2)
]
χk,l = 0, (4.5)
where the spacetime curvature function R and function W are
R = 2W˙ +W 2 + h21 + 2h
2
2 +
2
Y 2
, h1 = X˙/X, h2 = Y˙ /Y, (4.6)
W = h1 + 2h2. (4.7)
To evaluate < φ2q(η) > from equation (4.4) we need an explicit function form of χk,l thus
let us consider the following two cases.
4.1 WKB approximation
When the metric is slowly varying equation (4.5) possesses the WKB approximation solution
χk,l = (2Wk)
−1/2exp
(
−i
∫
dt Wk
)
, (4.8)
where Wk can be approximated by [16,17]
Wk =
[
m2r + ξrR +
λr
2
φ2c +
k2
X2
+
l(l + 1)
Y 2
− 1
4
(2W˙ +W 2)
]1/2
(4.9)
Substituting the above solutions into equation (4.4) we have
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< φ2q >=
1
16pi2C
∫
dk
∑
l
(2l + 1)
[
m2r + ξrR +
λr
2
φ2c +
k2
X2
+
l(l + 1)
Y 2
− 1
4
(2W˙ +W 2)
]−1/2
=
1
4pi2
∫ Λ
0
∫ Λ
1/2Y
dzz
[
m2r + ξrR +
λr
2
φ2c + k
2 + z − 1
4
(2W˙ +W 2)
]−1/2
=
1
8pi2
[[
√
2− 1 + ln(
√
2 + 1)]Λ2 − [m2r + ξrR +
λr
2
φ2c −
1
4
(2W˙ +W 2)]
×[1
2
+ ln[2Λ/(
√
2 + 1)] +
1
2
[m2r + ξrR +
λr
2
φ2c −
1
4
(2W˙ +W 2)]
×ln[m2r + ξrR +
λr
2
φ2c −
1
4
(2W˙ +W 2)]− 1
4Y 2
ln(
√
2 + 2)], (4.10)
where we have replaced the summation over t by an integration over z(= (l + 1
2
)/Y ) and
introduced a momentum cut-off Λ to regularize the k and l integration. From the renormal-
ization conditions of equation (2.8) we can evaluate the renormalization counterterms
δm2 = − λr
16pi2
[[
√
2− 1 + ln(
√
2 + 1)]Λ2 − [m2r −
1
4
(2W˙ +W 2)]
×[1
2
+ ln[2Λ/(
√
2 + 1)] +
1
2
[m2r −
1
4
(2W˙ +W 2)]
×ln[m2r −
1
4
(2W˙ +W 2)]− 1
4Y 2
ln(
√
2 + 2)], (4.11)
δξ = − λr
16pi2
[−ξrln[2Λ/(
√
2 + 1)] +
1
2
ξrln[m
2
r −
1
4
(2W˙ +W 2)]], (4.12)
δλ = − 3λ
2
r
16pi2
[−λrln[2Λ/(
√
2 + 1)] +
1
2
λrln[m
2
r −
1
4
(2W˙ +W 2)]] (4.13)
Substituting these results into equation (2.7) we finally obtain the derivative of the one-loop
renormalized effective potential
∂Veff
∂φc
= m2rφc +
[
1− λr
32pi2
]
ξrRφc +
(
λr
3!
− λ
2
r
64pi2
)
φ3c
+
λrφc
32pi2
[
m2r + ξrR +
λr
2
φ2c −
1
4
(2W˙ +W 2)
]
ln
[
m2r + ξrR +
λr
2
φ2c +
1
4
(2W˙ +W 2)
m2r − 14(2W˙ +W 2)
]
(4.14)
12
We are now in a position to discuss the quantum field effects on the cosmological phase
transition. Taking the derivation of the above equation, then in the limit φc → 0 we obtain
the effective mass
m2eff = (m
2
r+ξrR)+
λrφc
32pi2
[
−ξrR + [m2r + ξr −
1
4
(2W˙ +W 2)
]
ln
[
m2r + ξrR − 14(2W˙ +W 2)
m2r − 14(2W˙ +W 2)
]
(4.15)
Using this formula we can draw the following two conclusions.
(1) In general, only for some suitable values of scalar-gravitational coupling ξr, mass m
2
r ,
curvature R and anisotropy Q could the symmetry be radiatively broken or restored.
(2) As the second term, which is the quantum field correction term, is zero if ξr = 0
(not the value of 1/6 in the Bianchi type I model spacetime) and/or R =0, the results thus
show that the fate of symmetry will not be changed in the cases of minimal coupling and/or
vanishing scale curvature.
Note that the above result is very like that in the Bianchi type I spacetime (see equation
(3.14)), although the topology of the Kantowski-Sachs spacetime is very different from that
of the Bianchi type I spacetime.
We also consider the next case in which the mode function has an exact form and we can
obtain an exact value of < φ2 >.
4.2 A Kantowski-Sachs spacetime
We consider a Kantowski-Sachs spacetime with a metric
ds2 = dt2 − t2dx2 − Y 20
[
dθ2 + sin2θdϕ2
]
. (4.16)
where Y0 is a constant. The mode equation (4.5) in the above metric function has the
solution
χk = Nt
1/2Zik1

t
(
m2r +
λr
2
φ2c +
l(l + 1)
Y 20
+
2ξr
Y 20
)1/2 , (4.17)
where Zik is the Bessel function and the normalization constant N is determined to be ipi
1/2/2
by the Wronskian condition (2.13). We can follow the analyses of Fulling (2) et al [ 17] and
show that the solution given in terms of the Hankel function H
(2)
ik will be positive frequency
with respect to the adiabatic definition [21]. Substituting the mode solution in the above
13
equation into equation (4.4) and performing the k integration just like that in equation
(3.19), we then obtain
< φ2q >=
1
8pi
∫ Λ
0
dx

H0

2t
(
m2r +
1
2
λrφ
2
c + x+
2ξr
Y 20
) 1
2

−N0

2t
(
m2r +
1
2
λrφ
2
c + x+
2ξr
Y 20
) 1
2




=
1
4pi2
∫ Λ
0
dx
∑
n=0
Γ(n + 1/2)
Γ(−n+ 1/2)

2t
(
m2r +
1
2
λrφ
2
c + x+
2ξr
Y 20
)1/2
−n−1/2
=
1
4pi2

Λ1/2 −
(
m2 +
1
2
λrφ
2
c +
2ξr
Y 20
)1/2+O(t−3), (4.18)
where we have replaced the summation over t by an integration over x(= (l(l+1)/Y 20 )) and
introduced a momentum cut-off Λ in the x integration. From the renormalization conditions
of equation (2.8) we can evaluate the renormalization counterterms
δm2 = − λr
8pi2t

Λ1/2 −
(
m2 +
2ξr
Y 20
)1/2 , (4.19)
and we finally obtain the derivative of the one-loop renormalized effective potential
∂Veff
∂φc
= m2rφc+ ξrRφc+
λr
3!
φ3c+
λrφc
8pi2t


(
m2 +
2ξr
Y 20
)1/2
−
(
m2 +
1
2
λrφ
2
c +
2ξr
Y 20
)1/2+O(t−3).
(4.20)
The result is very like that in the Kasner spacetime (note that the topology of these two
spacetimes is different, for example, the curvature of Kasner space we consider is vanishing
while that of the Kantowski-Bachs space is finite) and we have the following same conclusion:
the universe may be in the symmetry-broken phase through a first-order phase transition,
however, as the time evolves the anisotropy of spacetime grows and the universe will always
be restored to the symmetry phase.
5 Discussions
After the new inflationary-universe scenario [23] is proposed, it is found by many authors
that the gravitational effect plays an important role in the cosmological phase transition
[2-I4]. From their analyses about the loop correction effective potential one then concludes
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that the scalar-gravitational coupling ξ and the magnitude of the scalar curvature R crucially
determine the fate of symmetry.
However, due to the mathematical technical difficulty, literature concerning the analyses
on the anisotropic spacetime is very limited [4-6, 12]. In this paper we have presented such
analyses in some types of anisotropic spacetime.
We have evaluated the one-loop renormalized effective potentials for the massive φ4 theory
on the spatially homogeneous models of Bianchi type I and Kantowski-Sachs type. To enable
the analytic results to be found we assume that the spacetime metric is either slowly varying
or has a specified form.
In the case of the slowly varying metric we find the following conclusions: (1) In general,
only for some suitable values of scalar-gravitational coupling ξ, mass m, curvature R and
anisotropy Q could the symmetry be radiatively broken or restored. (2) The fate of symmetry
will not be changed in the cases of conformal coupling for Bianchi type I space and minimal
coupling for the Kantowski-Sachs, and/or vanishing scale curvature for both cases.
We have also to consider a specified Bianchi type I space and a specified Kantowski-Sachs
space. We have argued that although the specified Bianchi type I metric can be reduced
to the Minkowski metric by a suitable transformation, however, as soon as we enter into
the realm of quantized field theory these two systems of reference will not be equivalent to
each other because the vacuums in the two systems are different. Thus our result can offer
a nontrivial quantum effect.
We also note that for a time dependent background field the effective potential is not well
defined and one needs to work with the effective action instead. However, our calculation
about the effective potential can be used to investigate the quantum field effects on the
cosmological phase transition, at least, in a suitably asymptotic region.
For both the specified spacetimes, our results indicate that they have the same phase
transition although they have very different spacetime topology. The result shows that
the universe may be in the symmetry-broken phase through a first-order phase transition,
however, as the time evolves the anisotropy of spacetime grows and the universe will be
restored to the symmetry phase.
Finally, we hope that our results may be helpful in our understanding of quantum field
effects on the cosmological phase transition in anisotropic spacetimes.
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